Example Proofs

To illustrate some common types of proofs, we show here an indirect proof and a proof by contradiction for the following theorem.  Since the emphasis is on learning the overall form for these types of proofs, minor details are ignored.

Theorem:  Suppose that n is a positive integer.  If n is a prime number, then n is odd or n = 2.

Note that our theorem has the form:  (n is prime)  (  (n is odd  ٧  n = 2)

Indirect proof:  We proceed by proving the contrapositive.  That is, we really show the following:


(  (n is odd  ٧  n = 2)  (  (n is prime)

Thus we suppose that


(  (n is odd  ٧  n = 2).

By one of DeMorgan’s laws this means that


n is even  ٨  n ≠ 2

Thus n is one of the numbers 4, 6, 8, 10, …

This means that n matches one of these:  2(2), 2(3), 2(4), 2(5), …

In other words, n is 2 times some integer greater than 1.

Thus n is not prime.

That shows what we wanted, that the contrapositive is true.

End of proof.

Proof by contradiction:  We begin by supposing that our theorem is false.

That is, we suppose that the following line is false:


(n is prime)  (  (n is odd  ٧  n = 2)

The only way that a statement of the form p ( q could be false is for p to be true and q to be false.

(See the truth table that defines p ( q.)

Thus we get that


(n is prime)  ٨  ( (n is odd  ٧  n = 2)

Using one of DeMorgan’s laws we get that


(n is prime)  ٨  (n is even  ٨  n ≠ 2)

The second half of this says that n is one of the numbers 4, 6, 8, 10, …

But none of these numbers is prime.

Contradiction!

Therefore our original assumption is false and the theorem must be true.

End of proof.

Note that this proof is really just a reworded version of the indirect proof above.

